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Abstract 
Theoretical approach is proposed to description of dielectric properties of matrix disperse 
systems which consists of dielectric matrix with embedded in metallic inclusions. On the basis of 
effective differential medium approximation the analytical expressions are obtained for the effective 
dielectric permittivity ε~  of the matrix disperse system with inclusions of spherical and ellipsoidal 
shape. The analysis of limits of possible values of the real and imaginary parts of ε~  is carried out 
depending on system parameters. 
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1. Introduction 
Under theoretical study of processes of interaction of electromagnetic radiation with matrix 
disperse systems (MDS), which represent a continuous matrix (as a rule dielectric one) with the 
imbedded inclusions of the various forms and nature, the effective medium approximations widely 
used. The essence of this method consists in that the MDS with distributed values of dielectric 
permittivity of a matrix 1ε  and inclusions 2ε  is replaced by continuous medium with effective 
dielectric permittivity ε~ . It is depend both on 1ε  and 2ε , and on value 
0V
Vf =  (where  is a 
volume engaged by inclusions, 
0V
V is a total volume of system) and its statistical distribution in a 
matrix. Such approximation well correlated to the experiment in a case, when wavelength of the 
incident electromagnetic radiation, interacting with МDS, is significant larger than characteristic 
sizes of inclusions and mean distance between them (long-wave approximation). There are many 
methods of calculation of ε~  for similar systems. The review of the literature concerning this 
problem can be found in [1-2]. In the present paper the calculation of effective dielectric 
permittivity ε~  is carried out under the large concentration of metallic inclusions of the spherical 
and ellipsoidal shape in approximation of differential effective medium (DEM) [3-5]. The 
estimation of possible limits of values '~ε and ''~ε  ( ''~'~~ εεε i+= ) is obtained with use of common 
methods of electrodynamics in inhomogeneous medium.  
 
2. The MDS effective dielectric permittivity in DEM approximation 
A correct calculation of effective dielectric permittivity (ε~ ) of MDS under the large volume 
fraction of inclusions represents a very complicated problem. One of methods of ε~ calculation is a 
method of differential effective medium (DEM) [3-4].  
Generally DEM follows from the average field approximation (Bruggeman’s approximation 
[6]). In case of inclusions of ellipsoidal shape the Bruggeman’s approximation for calculation of ε~  
has a form: 
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where L is a depolarization factor along the large semi-axis ( LL =1 ; 2
1
32
LLL −== ), 2ε  and  1ε  
are dielectric permittivity of inclusions and matrix, respectively. Consider first the variation of the 
effective dielectric permittivity at the expense of adding of a small portion of particles of the second 
phase with relative volume fΔ . This change will be: 
 
( ) ( ) fgfF f
F
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After differentiation Eq.(1) we find: 
( ) ( ) ( ) ( ) ( ) ⎥⎦
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In the result of addition to the effective medium ε~  of fΔ portion of particles of the second phase, 
ffΔ  particles of the second phase will be replaced. Therefore, true change of a fraction of particles 
of the second phase in a new composite will be: ( ) fff Δ−=Δ 10 ,i.e. in the relation (2) it is 
necessary 
f
ff −
Δ→Δ
1
. In view of it, the relation (2) will have a form:  
( ) f
df
g
d
−= 1,~
~
εε
ε
      (4) 
The solution of the Eqs. (3) - (4) with the initial condition 1
~ εε =  at 0=f  gives: 
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where  
( )
L
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13
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−= ;    ( )( )( )LL
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3531
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L
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35
31
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+=γ    
Thus, for the case of particles of spherical form at 
3
1=L  and 
3
1=a , 
2
1=γ , 0=b , this 
formula takes a form [4]:  
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Let us to analyze the case of symmetric replacement ( )ff −=⇔ 1ψ  in the formula (1). Really, 
such replacement can take place when considering the dielectric in MDS as inclusions, and metal 
particles as a matrix. The physical sense of the formula does not alter from such replacement. Then 
from (1) we obtain: 
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For the case of particles of spherical shape at 
3
1=L  the given formula has a form [3]: 
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From the Eqs. (6) and (8) it follows the relation for calculation of ε~ :  
3
1
3
1
2
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1
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11
εεε =+
− ff
      (9) 
The Eq. (9) belongs to a common class of relations of a kind 
kkk ff 12 )1(~ εεε −+=      (10) 
which, as shown in [7], at 1≤k completely satisfies to the theorems on the limits of possible 
values of the effective dielectric permittivity for MDS and statistical mixtures [7-12].  
Let us to consider now a behavior of ε~  depending on parameters of the system. For the 
analysis of behavior of effective dielectric permittivity in approximation DEM we shall use Eq.(7), 
where  
χεε i+=~ ; 00 χεε im += ; 11 χεε i+=    (11) 
and, accordingly: 
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Thus, we have an opportunity to divide in relation (7) the real and imaginary parts. 
a)   For a real part we have: 
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b)   For an imaginary part we have: 
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From these general expressions it is very complicated to define behavior of effective dielectric 
permittivity of the system. Therefore, it is necessary to make some of approximation. As an 
example, consider low-frequency limit at 0→ω , when εχ >> , and assuming that 00 =χ  for the 
matrix. Then, from the Eqs. (13) and (14) we obtain, respectively: 
a) 
( ) βχχωε 110~Im −==→ f ,     (15) 
where 1−+= baβ  
b) In approximation ( ) xxarctg ≈  
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where 1+= γα b . 
After substitution of (15) into expression (16), we have: 
( ) β
αεεβ
αεεωε β 001
1
0~Re −⎥⎦
⎤⎢⎣
⎡ +==→ −f .   (17) 
The condition of ε~Re  sign changing, corresponded to the metal-dielectric optical transition 
phenomena [3,5] we find from the equation 0~Re =ε , which produces: 
β
αε
βε
⎟⎟⎠
⎞
⎜⎜⎝
⎛ +=
0
11*f .     (18) 
 
 
3. Estimation of limit values ε~  for disperse systems  
The following inequalities (Wiener relations [9]) forε~  are valid for real 2ε  and 1ε  for the two-
component system: 
+− << εεε ~       (19) 
and 
2
2
1
11
εεε
ff +=
−
     (20) 
2211 εεε ff +=+      (21) 
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where  and  are volume fractions 1f 2f ( )121 =+ ff ; 1ε  and 2ε  are dielectric permittivities of 
medium components; +ε  is a dielectric permittivity of layered dielectric in electrical field parallel 
to the border of the unit of layers; −ε  is a dielectric permittivity of layered dielectric in electrical 
field perpendicular medium to the plane. Later in the paper [10] the estimations of a type of Eq.(19) 
were improved and generalized on the case of complex 1ε  and 2ε   [11-12]. In case of real 1ε  and 
complex 2ε  the limits of area of possible values of '~ε и ''~ε  ( ''~'~~ εεε i+= ) are given by set of 
relations (20) and (21) [8], which after introduction of variables 
1
~
ε
ε=x  and  
1
12
ε
εε −=t  will have 
a form: 
( 1'
'
'''' −= x
t
tx )       (22) 
( ) ( ) 222 ''' Rbxax =−+−       (23) 
2
1=a ;    ( )2'
''2
1 tt
t
b += ;   22 baR +=      
where 'x  and ''x    are real and image parts of ( ''' ixxx += ) x ;  't  and  ''t  ( ''' ittt += )  are the 
same values for t .When obtaining Eq.(22) and (23) from (20) and (21) the value f  was excluded. 
The straight line Eq.(22) in a plane variables of ( )'',' xx  passes through a point A  ( 0'';1' == xx  
corresponds to 1ε ) and B ( '''';'1' txtx =+= corresponds to 2ε ). Through the same points also 
passes the circle Eq.(23), which passes, besides, through the coordinate origin. As a result of 
crossing Eq.(22) and Eq.(23) the segment of the permitted values 'x  and ''x  (Fig.1) is formed. It 
should be noted that 'x and ''x , as it follows from (20) and (21) are parametrically depend on 
. ( )fffff −=1= ; 12
 In the paper [7] the improved estimations of limits of permitted values of ε~  are obtained. 
They look like Eq.(10) and Eq.(11) from [7]: 
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These relations easily can be written down in variable t :  
( ) ( ) 212121 ''' Rbxax =−+−  
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As a result of intersection circles (26) and (27) the small segment is formed, which tops lay on a 
straight line (22) and circle (23), whereas its position in sector depends on f . One can show [7], 
that relations for calculation of ε~  in a form (10) under 1≤k satisfy to the given above restrictions. 
It should be noted that a number of known relations belong to the condition (10). When 1±=k  we 
have  (20) and (21), when 3
1=k  relation of L.D.Landau [13], and when 31−=k  relation  (9), 
etc. The case 0=k  is a special and ε~ can be found from relation of Lichtenecker  [14]: 
( ) 12 ln1ln~ln εεε ff −+=     (28) 
The relation (28) also satisfies to above-mentioned restrictions. On Fig. 1 the area of allowed values 
of '~ε and ''~ε  is shown for the case 5.0=f  at 21 =ε ; i1052 +=ε . The points in the figure 
correspond to values of ε~  calculated by the formulas: 
point “1”  is Maxwell Garnett  approximation [2] 
12
12
1
1
22~
~
εε
εε
εε
εε
+
−=+
− f     (29) 
point “2” is the average field approximation [6] 
( ) 0~2
~
~2
~
1
2
2
1
1 =+
−++
−− εε
εε
εε
εε ff     (30) 
point “3”  is the formula  (8), point “4”  is the formula (9), point “5” is the formula of L.D.Landau 
[13]: 
( ) 31131231 1~ εεε ff −+=      (31) 
All calculated values of ε~  lay in segment area, i.e. in the field of permitted values. On Fig.2 the 
dependence ε~  on f  is shown in the case of real values 21 =ε ; 402 =ε  calculated by relations  
(29) - (31) and (8) - (9) for the value 
3
1=L . From figure it is visible, that all curves lay in area 
limited straight line Eq.(21) and hyperbole Eq.(20): 
 
 8
ft+=+ 1χ        (32) 
( )( ) ftf
t
++−
+=− 11
1χ       (33) 
 
4. Discussion and conclusions 
Proceeding approximation for differential effective media (DEM) in a low-frequency limit 
0→ω , the condition of optical transition metal - dielectric for the dielectric media contained 
inclusions of the elliptical shape is obtained. In opposite to results received by application of 
Bruggeman’s theory [16], it is evident dependence of the point of transition metal - dielectric (18) 
on the dielectric permittivity of a matrix 0ε . As an example of application formula (18) in the case 
of spherical particles, when 3
1=L ; 1.0=ν ; 32−=β ; 1=α ; 100 =ε , we have transition point at 
, that is much larger than predicted by Bruggeman’s theory for the particles with elliptical 
shape [16]. The transition at the point  has received the name of the optical transition, near 
to which at  we have 
26.0* =f
*ff =
*ff < 0~Re >ε  - «dielectric» behavior of dielectric function, and at , *ff >
0~Re <ε  - «metal» behavior of dielectric function. Near to concentrations  the optical 
properties of such metallic composites practically do not depend on frequency 
*ff =
ω  of the 
electromagnetic radiation, that interacts with them.  
 The received relations (5) - (9) for calculation of ε~ in DEM approximation for the case of 
spherical, and ellipsoidal inclusions do not contradict conditions of restrictions Eq.(23) and (26) - 
(27)  for values '~ε  and  ''~ε . However there are several moments on which we would like to 
discuss. When restricting with a case of spherical inclusions, as follows from relations (29) and 
(30), the structure of inclusions (spherical shape) is present in expressions (29) and (30) through 
multipliers 
12
12
2εε
εε
+
−
 ,  εε
εε
~2
~
1
1
+
−
,   εε
εε
~2
~
2
2
+
−
. These multipliers are determined within accuracy of 
the value а  (where а is the particle radius) polarizability of a particle. It should be noted that the 
generalization of relations (29) and (30) to case of ellipsoidal inclusions can be found in work [1]. 
The particles through the expression structures (8) are present in relations of DEM approximation 
Eq.(5) partially, and in the case of approximations Eqs.(9), (10) and (28) they are absent at all. The 
importance of account of inclusions structure is especially seen processes of absorption of 
microwave electromagnetic radiation in matrix systems with metal inclusions. Thus, in the case of 
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inclusions of the spherical shape under small f the peak of absorption on a frequency close to the 
surface plasmon frequency of inclusion 
3
~ p
ω
  [2] is found out.  
 The value sω  can be found from a condition 02' 12 =+ εε , which does not enter in any way 
into relations of DEM approximation. It seems, that relations (5) - (8), very well describe 
electrodynamics properties of various statistical mixtures in low-frequency area under large values 
of f . Their using makes attainable description of electrodynamical and other properties of the 
dump porous systems (sand, ground, rocks, etc…). Proceeding from the relations (5) - (8), the 
theoretical explanation of the experimentally found Archi law [15] for effective conductivity ( )σ~  
of such rocks was obtained: 
2
3
2f~ σσ =       (34) 
where 2σ is a conductivity of the conducted fraction.  
 Thus, despite of limitations of relations (9), (28) - (31), they can be used for calculation of 
electrodynamics properties two-component systems practically in all interval variation of the value 
f   ( ) .  10 ≤≤ f
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Fig.1. The limits of real and imaginary part of effective dielectric permittivity in the case of 
inclusions of spherical shape at 5.0=f  and 21 =ε , i1052 +=ε  
1). Maxwell Garnett approximation Eq.(29). 
2). The approximation Eq.(9). 
3). Landau approximation Eq.(31). 
4). DEM approximation Eq.(6). 
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Fig.2. Dependence of dielectric permittivity ε~  of MDS on the volume fraction of inclusions f , 
calculated by the different effective medium approximations at 21 =ε , 402 =ε   
1) The upper limit of value ε~  Eq. (21)  
2) Bruggeman’s approximation Eq. (30) 
3) Landau approximation Eq. (31) 
4) DEM approximation Eq.(6) 
5) The approximation Eq.(9) 
6) Maxwell Garnett approximation Eq.(29) 
7) The down limit of value ε~  Eq. (20) 
 
